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Abstract

The empirical literature on the low-beta anomaly has almost exclusively examined
exposure to a single market factor. We develop a multi-factor equilibrium model with
leverage-constrained investors that provides new predictions for the flattening of the
Security Market Line (SML). We show that the SML distortion is maximized along a
particular linear combination of factors proportional to the Sharpe-ratio-maximizing
portfolio, even though individual factor loadings may not display flattening. Empir-
ically, we show that a multi-factor analogue of the Betting Against Beta strategy,
Betting Against Multi-Factor Beta (BAMB), produces robust abnormal returns even
after controlling for liquidity, leverage, and idiosyncratic-volatility factors. Our find-
ings underscore the importance of analyzing systematic risk exposures jointly when

assessing how leverage constraints shape cross-sectional returns.

*We are grateful for helpful commentary and suggestions from Lawrence Jin, Peter Kelly, Tom Ruchti,
and seminar participants at Claremont McKenna College.



1 Introduction

Classical asset pricing models beginning with Sharpe (1964), Mossin (1964), and Lintner
(1965) predict a positive, linear relationship between expected excess returns and systematic
risk. In that standard Capital Asset Pricing Model or Multi-factor Arbitrage Pricing Theory

model (Ross, 1976), expected returns are given by

Etlrit+1] = ?t ts
where j; denotes the vector of factor loadings and ¢ the vector of factor risk premia. Within
this framework, expected returns should follow a linear Security Market Line (SML) that is
upward sloping in every factor dimension.

A large empirical literature, however, documents persistent violations of this implica-
tion. Low-beta assets earn abnormally high returns while high-beta assets earn unusually
low returns, producing a “flat” or even “inverted” SML (Black, 1972; Black et al., 1972;
Baker et al., 2011; Frazzini and Pedersen, 2014). This well-documented phenomenon, now
commonly referred to as the beta anomaly or low-risk effect, presents a robust and puzzling
departure from classical linear factor pricing theory. Frazzini and Pedersen (2014) frame the
low-risk anomaly in terms of the CAPM by constructing the Betting Against Beta (BAB)
factor.! The BAB factor takes a leveraged long position in low-beta assets and a deleveraged
short position in high-beta assets, scaling both legs to a beta of one. The resulting portfolio

is market-neutral, with ex-ante beta of zero, and isolates the component of returns associated

IThe low-risk effect is not confined to market beta. Using sorted portfolios, Ang et al. (2009) and Blitz
and van Vliet (2007) show that portfolios of low-volatility or low-idiosyncratic-volatility stocks earn signifi-
cantly higher risk-adjusted returns than their high-volatility counterparts. Liu et al. (2018) further explores
anomalous returns associated with idiosyncratic volatility, presenting evidence that idiosyncratic volatility is
the primary causal mechanism generating these anomalies. The appealing performance of minimum-variance
portfolios may be partially attributable to naturally their overweighting low-risk stocks to similarly deliver
large abnormal returns (Clarke et al., 2006; Scherer, 2011).



with mispricing of systematic risk?

Murray (2022) extends the low-risk literature by showing that Security Market Line at-
tening is not con ned to the market dimension. He documents \betting-against-beta" e ects
across multiple non-market factors, demonstrating that the slopes of the security-market
plane with respect to individual factor betas are substantially atter than the corresponding
factor premia. Working within an empirical APT framework rather than a full equilibrium
model, Murray (2022) constructs optimal \betting-against-other-betas" portfolios that ex-
ploit these marginal factor distortions, providing compelling evidence that the low-beta e ect
generalizes across the factor space rather than being a purely market-based anomaly. These
ndings suggest that mispricing operates along a multidimensional structure, motivating a
theoretical framework that goes beyond factor-speci ¢ anomalies and organizes the distor-
tions in a unied way. Our constrained-equilibrium model, which characterizes the joint
return-generating process, stands in contrast to this factor-by-factor approach and identi es
the unique linear combination of factors along which mispricing is theoretically maximized.

Novy-Marx and Velikov (2022) provide a critical reassessment of the original Betting
Against Beta strategy, arguing that much of its reported performance re ects methodological
artifacts rather than genuine mispricing of systematic risk. They show that BAB's returns are
highly sensitive to non-standard construction choices such as rank weighting, beta estimation
methods, and micro-cap tilts. Once adjusted for realistic implementation and standard
factor exposures, they nd the BAB alpha largely disappears. Novy-Marx and Velikov

(2022) further demonstrate that much of BAB's apparent pro tability can be attributed to

2In U.S. equities, Frazzini and Pedersen (2014) report BAB abnormal returns of 0.5{0.7% per month with
Sharpe ratios near 0.7{0.8, and similarly positive performance across 19 other equity markets and multiple
xed-income, currency, and commodity asset classes. Related evidence con rms the pervasiveness of low-
risk/BAB returns, including tests using only highly liquid stocks and net of realistic trading costs (Auer and
Schuhmacher, 2015), and documents comparable patterns across global markets and asset classes (e.g. Asness
et al., 2012; Auer and Rottmann, 2019; Traut, 2023; Asness et al., 2014). Time-varying betas attenuate but
do not eliminate the anomaly (Cederburg and O'Doherty, 2016), and risk-managed implementations such as
volatility-scaled BAB often achieve Sharpe ratios above 1.5 (Barroso and Maio, 2018).



loadings on existing factors such as pro tability and investment, rather than to a distinct
leverage-constraint premium. That is, BAB's apparent pro tability stems from the fact that
its alpha is measured relative to a single factor model.

The dominant rational explanation attributes the beta anomaly to leverage constraints
faced by large classes of investors (Black, 1972, 1993; Frazzini and Pedersen, 20Bt)ch
investors cannot lever low-beta assets up to their desired risk level and therefore overweight
high-beta assets to achieve target returns. This \reaching for beta" e ect bids up the prices of
high-beta stocks, attening the SML. Institutional frictions amplify these e ects: managerial
benchmarking (Baker et al., 2011), capital regulations, and proxies for the shadow cost of
leverage forecast the sign of BAB returns.

To address these critiques and to embed Murray's results in an equilibrium framework,
we extend the Frazzini and Pedersen (2014) analysis to multiple factors. In our multi-
factor model, a wedge associated with the equilibrium shadow cost of leverage constraints,
denoted ., distorts expected returns along every factor direction, not only the market beta,
producing a generalized representation of SML attening. In our extension, distortions arise
simultaneously across all factor directions and are governed by a common shadow cost of
leverage, yielding a structural multi-factor analogue of the attening Murray (2022) identi es
empirically in isolated factors. Our constrained-equilibrium model, which characterizes the
joint return-generating process, stands in contrast to this factor-by-factor approach and
identi es the unique linear combination of factors along which mispricing is theoretically
maximized.

Embedding leverage-constrained mispricing in a more expansive factor model yields cross-

3Behavioral theories o er complementary explanations. Investors display preferences for lottery-like
payo distributions, leading them to overpay for high-beta, high-skewness stocks (Barberis and Huang,
2008; Bali et al., 2011). High sentiment and overcon dence can generate \beta herding," disproportionately
in ating the prices of high-beta assets (Hwang et al., 2021). Salience-based preferences (Li et al., 2023)
further tilt demand toward volatile assets. These explanations imply that distortions need not lie solely
along the market factor; any salient or high-skewness factor exposure may be overpriced.



sectional implications for the relation between alpha and factor exposures in the cross-section
that we explore in Section 3. Notably, the marginal relationship for individual factors will
be time-varying and dependent on not only the degree to which leverage constraints bind
but also dynamic factor risk premia. Further, we solve for the linear combination of factor
exposures that maximizes the correlation between alpha and consolidated factor exposure,
showing that linear combination to be proportional to the factor weights in a portfolio con-
structed from the factors themselves that maximizes the Sharpe ratio. This allows us to
investigate Novy-Marx and Velikov (2022)'s critique directly by examining Betting Against
Beta in a six-factor setting, including the ve Fama and French (2015) factors and the
Carhart (1997) momentum factor, and showing that the mispricing associated with con-
solidated factor exposure remains robust after accounting for these standard dimensions of
systematic risk. In these regressions, we also address Novy-Marx and Velikov's empirical
concerns by restricting our asset universe to above-median market capitalization rms and
evaluate mispricing in our out-of-sample tests using simple decile sorts with value-weighted
portfolios, avoiding non-standard weighting schemes.

Our empirical analysis of Betting Against Multi-Factor Beta in Section 5 documents
in-sample correlations between alpha and factor exposures in the six-factor model. This
section documents the instability of these correlations across factors, nding that only the
Robust-Minus-Weak Pro tability factor loading features a consistently negative correlation
with alpha. It also calculates the Sharpe ratio maximizing portfolio weights of factors and
demonstrates how these weights counter the instablity in correlations between alpha and
marginal factor exposure. The time series of the correlation between alpha and this consol-
idated factor loading, then, is almost uniformly negative.

Section 6 evaluates the out-of-sample properties of Betting Against Multi-Factor Beta
by sorting assets into decile portfolios and calculating capitalization-weighted returns within

each decile. While marginal factor sorts exhibit weak and often inconsistent out-of-sample
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alphas, sorting on the consolidated factor loading produces a sharply ordered cross-section:
portfolio alphas decline monotonically with consolidated exposure. This monotonicity is
formally con rmed using the Patton and Timmermann (2010) bootstrap test, which rejects
pairwise non-monotonicity at the 1% level. Constructing Bottom-Minus-Top factors, we
demonstrate robust and signi cant alpha for the consolidated factor loading while nding
weak evidence of signi cant mispricing as revealed by marginal factor sorts.

Liu et al. (2018) further challenge the interpretation of the BAB anomaly by showing
that its alpha largely re ects two components unrelated to mispricing of aggregate sys-
tematic risk: (i) a cross-sectional low-minus-high beta spread that is heavily in uenced by
idiosyncratic volatility, and (ii) a time-series component arising from dynamic leverage ad-
justments (\beta parity”). They argue that BAB's apparent pro tability can be largely
explained once these idiosyncratic-risk e ects are separated from true beta-related pricing.
This critique underscores a deeper limitation of relying on a single marginal market beta:
market beta absorbs substantial idiosyncratic and transitory variation and therefore does
not isolate the directions in factor space along which leverage constraints distort equilib-
rium expected returns. In contrast, our multi-factor framework aggregates exposures along
the Sharpe{ratio{maximizing direction, which Iters out idiosyncratic volatility e ects and
captures the structural component of mispricing implied by constrained equilibrium. Our
results show that the consolidated factor exposure continues to generate signi cant abnormal
returns even after explicitly controlling for an idiosyncratic-volatility factor, reconciling the
Liu et al. (2018) critiqgue with a leverage-based explanation of the anomaly. To address these
issues, Section 7 further explores the properties of the Betting Against Multi-Factor Beta in
relation to a market liquidity factor, leverage measures, and idiosyncratic volatility. Robust-
ness tests in the appendix explore robustness across subsamples of the data and applying
di erent strategies to Itering the asset universe, including Itering out assets with extreme

idiosyncratic volatility.



In this paper, we make four primary contributions. First, we develop a multi-factor ex-
tension of the Frazzini and Pedersen (2014) constrained-equilibrium model, showing that
leverage frictions distort expected returns not only along the market dimension but simulta-
neously across all priced factors, with the magnitude of Security Market Line attening max-
imized in the Sharpe-ratio direction of the factor space. Second, we provide a comprehensive
empirical assessment of this prediction, documenting that the cross-sectional { relation-
ship is unstable and often sign-indeterminate for individual factors, yet is consistently and
persistently negative when factor exposures are consolidated using the theoretically implied
Sharpe-ratio{maximizing weights. These consolidated exposures generate a strikingly mono-
tonic pattern in out-of-sample portfolio alphas and pass formal monotonicity tests despite
nearly ve decades of variation in factor premia. Third, we introduce a new methodological
approach for empirical factor pricing: replacing marginal betas with a single consolidated
factor exposure that captures the principal direction of mispricing implied by constrained
equilibrium. This approach produces more robust and interpretable cross-sectional results
than traditional single-factor sorting methods. Finally, our framework reconciles earlier cri-
tiques of the BAB anomaly, including the implementation concerns raised by Novy-Marx
and Velikov (2022) and the decomposition results of Liu et al. (2018) attributing the BAB
anomaly to Idiosyncratic Volatility, by showing that much of BAB's instability arises from
its reliance on marginal market beta. Once betas are aggregated along the theoretically rele-
vant multi-factor direction, the anomaly re-emerges as a stable and economically signi cant

manifestation of equilibrium leverage constraints.

2 The Model

We generalize the Frazzini and Pedersen (2014) equilibrium with leverage constraints to K

priced risk factors. The extension is conceptually straightforward but yields new insight into



how funding frictions operate in a multifactor setting. Two questions guide the analysis.

(i) How do leverage constraints shape expected returns when investors price several sys-

tematic factors simultaneously?

(i) What are the cross-sectional implications for the relation between factor exposures and

mispricing?

The rst question leads to a multifactor pricing relation in which both factor premia
and the funding wedge depend on aggregate risk-bearing capacity. The second highlights a
key feature of the multifactor environment: SML attening varies across directions in factor
space. We show that the distortion is maximal along the Sharpe-ratio{maximizing factor
portfolio, the direction along which unconstrained investors would optimally lever and thus

the direction most heavily suppressed by binding constraints.

2.1 Economic Environment and Notation

with ex-dividend price vector R and random dividend vector ¢.; , as well as a risk-free asset.
Risky payo s in levels are

I:)t+1 + dt+1 :

Let ; Var {(Pw:1 *+dw:) denote the conditional covariance matrix of payo s and let

e D (Pus +dwr) 1 Rovar ((re)

denote excess returns and their conditional covariance matrix, wherg B diag(P;).

Each investor i chooses a portfolio ix2 RS to maximize mean{variance utility over



next-period wealth, subject to a scalar margin constraint
miPX W ; 1)

where nj 2 (0; 1] is the margin requirement. Let | 0 be the Lagrange multiplier on this
P
constraint. Let x denote the vector of shares outstanding, so that ; x; = x .
After aggregating across investors, the economy-wide aggregate risk tolerance and aggre-

gate shadow cost of leverage are de ned as

; t ; (2

t

X 1 X im
i

and we write tl and tl ¢ for the corresponding mean-variance and funding

coe cients.

2.2 Equilibrium Pricing Relation

Solving each investor's problem and aggregating across investors yields a payo -space equi-
librium

Ei[Pt1 +dw1] Pi= ¢ X + Py

which can be expressed in excess-return space as
R — R .
¢ Eilrea]l= ¢ {Dix + (L (3)

Note that D;x is the vector or market value for each asset. Now, letV1 "D:x denote total

market value and w (D x )=V, be the vector of market portfolio weights. Substituting



these quantities into (3) yields

tR: tVi ?Wt"' ¢l (4)

The rst term is the standard mean{variance risk premium implied by the market portfolio;
the second term is a uniform \funding wedge" that raises expected returns whenever margin
constraints bind. A complete derivation of (3) and (4) is provided in Appendix Al.

In the next subsection we build on the Frazzini and Pedersen (2014) framework and in
contrast to their single-factor representation, we impose a K{factor structure on returns and

derive the multi-factor pricing relation used in our empirical work.

2.3 Factor Structure and Pricing Relation

Assume that excess returns admit a K{factor representation,

rer = BiFar +" 41 EiFuil= + (5)

R — 0
t =Bt FBr+

Projecting the mean-variance component of equilibrium expected returns in (4),V; Rw;

onto the span of the factors yields a vector of factor prices of risk satisfying

t tVi FthNt; (6)

so that, up to an idiosyncratic residual,



The vector  represents the equilibrium factor prices of risk generated by the aggregate
market portfolio, while the scalar  captures the uniform funding wedge in expected returns.
Substituting into (4) and absorbing the idiosyncratic component into the residuals yields

the multifactor pricing relation
Eirer]=B¢ ¢+ (1. (7)

The next Proposition immediately follows:

Proposition 1 (Multifactor Funding-Constraint Pricing). If risky returns satisfy the K{
factor structure (5) and investors face scalar leverage constraints, then in equilibrium the

expected excess return on any asset s satis es
_ 0 .
Eilrste1]1= st ¢+ ¢ (8)

When constraints are slack (; = 0), the model collapses to the standard K{factor APT.
When funding is tight ( ; > 0), expected returns shift upward uniformly, attening the

cross-sectional risk{return relation.

3 Cross-Sectional Implications of Constrained Lever-
age

In the single-factor case (K = 1), equilibrium expected excess returns satisfy

Edril= i wm+ o 9)
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where , is the equilibrium market price of risk and . is the funding wedge that uniformly
raises expected returns when leverage constraints bind.

Equation (9) implies a linear Security Market Line (SML)
Edril= «+ i ™1 t= 6 t= M, (10)

but the slope ~; is now endogenous to funding conditions. When constraints tighten and
risk-averse investors become relatively less aggressive, the aggregate risk tolerapdalls,
lowering the equilibrium price of risk . Hence, as ; > 0 increases and \ declines,
expected returns increase less steeply with.

Consequently, assets with higher betas experience smaller incremental risk compensation,
while low-beta assets experience larger funding-driven premia. The resulting cross-sectional
pattern features a attened Security Market Line as the central empirical implication of the

model.

3.1 Flattening Security Market Line in a Multi-Factor Model

The mechanism underlying this attening can be seen directly from the equilibrium factor
price of risk in (6). Recall that

!
X 1 !
: i
I
When leverage constraints tighten, more investors become marginally constrained, raising
their shadow costs | > 0 and reducing their e ective exposure to risky assets. Aggre-
gating across investors, this shifts wealth toward unconstrained, more risk-averse agents,

thereby lowering the aggregate risk tolerance; and increasing ;. The decline in e ec-

tive market risk-bearing capacity reduces the equilibrium slope of the SML through a lower

11



M = tVi F m. Atthe same time, the average funding shadow cost; introduces a posi-
tive intercept in expected returns. Together these two e ects, a smaller slope and a higher
intercept, produce a uniformly higher but atter Security Market Line in equilibrium.

Let v 2 RX denote a linear combination of factors, de ning the portfolio return ¥ .

Its expected excess return and variance are

EvVFui]=Vv®y Var (vFui) =v°® gv:

The magnitude of the SML attening along direction v is proportional to

VO
SW= P
V¥ gV
Maximizing S(v) vyields
(v° )2, 1.
v =

Intuitively, the Sharpe-ratio direction v is where leverage constraints matter most. In a
frictionless setting, investors lever v most aggressively because it o ers the highest excess
return per unit of risk. When constraints tighten, they are forced to scale back this position
disproportionately, reducing aggregate risk tolerance exactly in this direction. As a result, the
equilibrium price of risk compresses most strongly along vgenerating maximal attening

of the SML and a sharply negative - relationship for the consolidated exposure.

Proposition 2 (Cross-Sectional Implication and Direction of Maximal Flattening). Under
the equilibrium characterized in Proposition 1, tighter leverage constraints { > 0) produce

two systematic cross-sectional e ects:

(i) Flattened Security Market Line. As constraints bind, aggregate risk tolerance

¢ declines, lowering the equilibrium factor prices of risk; and generating a higher

12



intercept . Expected returns therefore rise uniformly but increase less steeply with

st, producing a atter Security Market Line.

(if) Direction of Maximal Flattening. For any linear combination of factors v 2 R K,

de ne the slope distortion magnitude
S(v) = ¢ pf:
The attening e ect is largest in the Sharpe-ratio{maximizing direction
viIioF o

corresponding to the mean{variance e cient factor portfolio that constrained investors

would lever most aggressively in the absence of funding frictions.

These results demonstrate how leverage constraints atten the Security Market Line in
every factor direction, namely by reducing the e ective risk-bearing capacity of the marginal
investor. When funding becomes tight, constrained investors scale back all risky positions
proportionally, lowering aggregate risk tolerance and compressing equilibrium factor premia.
This compression is not uniform across factors, however. It is strongest in the direction
along which investors would lever most aggressively in the absence of constraints, that is,
the Sharpe-ratio{maximizing portfolio of factors. Because this combination o ers the highest
return per unit of risk, the shadow cost of leverage bites most acutely there, producing the
steepest reduction in slope and the strongest negative - relationship along that direction.
In contrast, individual factors load on this high-Sharpe direction to varying degrees, so their
marginal - relationships may attenuate or even ip signs over time as factor volatilities,
correlations, and premia evolve. Thus, while the consolidated Sharpe-weighted exposure

consistently captures the true axis of mispricing implied by constrained equilibrium, single-
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factor betas inherit only partial, and often unstable, projections of this multidimensional

distortion.

3.2 The Negative { Relationship Revisited

The equilibrium pricing relation E[rs1] = 2, ¢+  implies that, in cross{sectional re-

gressions of expected (or realized) returns on estimated betas,
Eilrspr ] = o+ S;t Tt st (12)
the regression intercepts (alphas) satisfy

st= t (% t)o sity (13)

where ™ is the estimated cross{sectional slope vector and; t ¢ captures the funding{
induced attening of risk premia.

The distortion vector . distinguishes the unconstrained factor prices of risk, from the
constrained{equilibrium prices ;. In the absence of funding frictions, marginal investors
span the factor space according to mean{variance e ciency, yielding frictionless pric€s

aligned with the high{Sharpe direction v . When leverage constraints bind, aggregate

risk tolerance declines and the equilibrium prices of risk are compressed selectively along this

same direction, generating a wedge; = T that points opposite the maximal{Sharpe

portfolio. The following remarks characterize the implications of this result.

Remark 1 (Negative covariance along the maximal{Sharpe direction). Projecting

(13) onto any direction v 2 R implies

Cov( sy; S;tV)= v ©®oaow t =Cov( st; sp):

14



Along the Sharpe{ratio{maximizing directionv / 2 ¢, the direction of maximal atten-

ing, funding constraints imply v <0. Since 0, it follows that

Cov si; V™ st <0 whenever >0:
Thus constrained leverage generically produces a negative { relation along the principal

distortion direction v .

Remark 2 (Componentwise negative covariance across individual factors). For
each factor k, the kth entry of the covariance vector satis es

Cov o & =1 «

A componentwise negative relationship obtains under two su cient conditions: (i) the at-
tening vector is strictly negative elementwise (x < O for all k), and (ii) each row of the beta
covariance matrix . has a nonnegative sum (e.g., after orthogonalizing factors). These

conditions ensure Cov(; ¥) <0 for all k, but they are not necessary.

Remark 3 (Divergence between directional and componentwise results). The di-

rectional result Cov(; v > ) < 0 may hold even when some componentwise covariances
Cov(; ¥) are positive. This occurs when the attening vector ; is not aligned with the
canonical factor axes, so constraints compress risk premia mainly along the high{Sharpe com-
bination v rather than uniformly across factors. In such cases, the overall cross{sectional
distortion is best captured by the negative covariance with ¥ , while individual Cov(; ¥)
may exhibit mixed signs depending on each factor's loading on.\vEmpirically, this explains
why the attened SML emerges most clearly in composite high{Sharpe portfolios even when

single{factor regressions show weaker or ambiguous { patterns.
The term  captures how the equilibrium wedge induced by leverage constraints

15



projects onto each factor dimension. When the shadow-cost distortion is aligned primarily
with the Sharpe-ratio{maximizing direction v , its projection onto individual factors depends
on how strongly each factor loads on that direction. Factors with weak or unstable projections
will exhibit weak, or even sign-reversing, covariances between alpha and their marginal betas.
This provides a natural explanation for the empirical pattern we document: among the six
Fama{French{Carhart factors, only pro tability (RMW) loads consistently and strongly on

the v direction and therefore exhibits a persistently negative - relationship, while the
remaining factors show noisy or time-varying signs. In contrast, the consolidated exposure,
constructed exactly along v, inherits the full projection of ; and therefore displays a robust,

uniformly negative covariance with alpha across the entire sample.

4 Data

We take stock return data for all US Equities from the CRSP database and the factor
returns from Ken French's website, focusing on the period starting January 1970 with an
accumulated history of ve years for the Fama-French six factor model. For each month,
we select those companies that have complete, uninterrupted return series for the trailing
sixty months. Using the monthly returns data for these companies, we use OLS to compute

alphas and factor betas using the Fama-French six-factor model:

fo_
Fie Tt = iyttt iMKT FTHMLE iHMe T T svBt ismB (14)

+Irrywt irRMw T Treomat icma Trwmet iwme ot

Here, r; is the return on stock i in month t, rI is the month t risk-free rate taken from
the 30 day Treasury Bill, ry«r. is the excess return on the value weighted market portfolio

and rgmit , smet» FrRmwt » Femat , and ryuee are the High-Minus-Low Book-to-Market
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factor, Small-Minus-Big Size factor, Robust-Minus-Weak Pro tability factor, Conservative-
Minus-Aggressive Investment factor, and Winners-Minus-Losers Momentum factor returns
in period t respectively.

All results select stocks with above median market capitalization to ensure liquidity,
insulating our analysis from the concerns raised by Novy-Marx and Velikov (2022) about
the in uence of micro-caps on the results. Firms with estimated factor exposures in the top
and bottom 1% of the distribution are dropped to mitigate the in uence of outliers that
may arise due to estimation error. Lastly, we require a continuous history of the trailing
60 months of returns as a data quality check to ensure stability of the estimates. Table 1
presents summary statistics for the asset universe at six di erent points in time, reporting
the number of rms, features of the market cap distribution and trailing returns, six-factor

alpha, and factor exposures.

5 Mispricing and Factor Exposure In-Sample

We begin by examining the in-sample relationship between estimated mispricing () and
factor exposure (). Although retrospective, this analysis provides the clearest context for
assessing whether the empirical cross-section aligns with the constrained-equilibrium predic-
tion of a negative { relationship from Proposition 1. By tracing this relationship through
time and across factors, we identify both its stability and its departures from theoretical

expectations.

5.1 Cross-Sectional Patterns of Alpha and Beta

Figure 1 plots estimated alphas against estimated factor loadings for the six primary fac-
tors (Market, Size, Value, Pro tability, Investment, and Momentum) using ve-year rolling

regressions ending in January 1990, 2000, 2010, and 2020. Across decades, the tted slopes

17



Table 1: Summary Statistics for Asset Universe

Date 1974-01 1984-01 1994-01 2004-01 2014-01 2024-01
Number of Firms
Total 5,714 5,522 6,972 6,974 6,643 9,471
With 60 Month Returns 1,846 3,854 4,696 5,268 5114 5,626
In Sample 1,190 2,075 2,218 2,446 2,604 3,391
Market Capitalization
5th Percentile 2,091 2,355 3,994 5,142 9,007 6,361
1st Quartile 7,020 10,072 18,902 35,643 77,860 58,867
Median 20,265 35,601 69,529 129,258 342,320 296,695
3rd Quartile 76,342 142,710 269,782 554,030 1,530,590 1,688,695
95th Percentile 632,831 1,194,217 2,684,500 5,330,637 13,383,984 21,123,214
Trailing 60 Month Mean Returns
Mean 3.05% 17.10% 15.23% 10.14% 13.58% 11.58%
Standard Deviation 12.30% 15.70% 15.66% 16.66% 12.48% 13.16%
Trailing 60 Month Volatilities
Mean 33.25% 36.01% 34.40% 45.01% 38.84% 35.73%
Standard Deviation 10.87% 13.09% 15.48% 22.55% 16.59% 19.02%
Trailing 60 Month Alpha
Mean 0.13% 0.30% 0.59% 0.82% 0.46% 0.25%
Standard Deviation 1.14% 1.16% 1.56% 1.80% 1.29% 1.12%
Mean Trailing 60 Month Factor Loadings
Mkt-RF 1.04 0.99 0.98 0.95 0.99 0.93
HML 0.57 0.66 0.56 0.51 0.50 0.42
SMB 0.18 0.07 0.10 0.42 0.01 0.26
RMW 0.11 -0.01 -0.04 0.21 -0.02 0.00
CMA 0.09 0.06 0.00 0.02 -0.19 0.00
WML -0.06 -0.10 -0.07 -0.13 -0.14 -0.08

Notes: This table calculates summary statistics for the asset universe for each decade of the data
set. The Total Number of Firms refers to all stocks in the universe where the With 60 Month
Returns and In Sample counts referring to the number of stocks with su cient histories and
those that pass the capitalization and factor loading screens for inclusion in the analysis. The
Market Capitalization percentiles are calculated for all rms in the data set prior to Itration. The
statistics for the return Means, Volatilities, Alphas and Factor Loadings are all for the selected
assets that pass the capitalization and factor loading screens for inclusion in the analysis.

are predominantly negative, indicating that higher factor loadings are often associated with
lower estimated alphas. At the same time, several factors, notably HML and WML in certain
periods, periodically exhibit positive slopes, underscoring that the marginal - relationship
is far from stable and can even reverse sign across subperiods.

To quantify this instability directly, Figure 2 reports the time series of cross-sectional cor-
relations between estimated alphas and factor loadings for each of the six factors, smoothed

with a twelve-month moving average. The correlations exhibit substantial time-variation:
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Figure 1: Scatter Plots for Alpha against Factor Loadings

Notes: This gure plots estimated alphas against estimated factor loadings from the six-factor
model in equation 14, based on trailing ve-year windows of returns ending in January 1990, 2000,
2010, and 2020. Securities must have 60 consecutive months of returns and market capitalization
above the cross-sectional median. Observations in the extreme 1% tails of any factor loading
distribution are excluded. The black line shows the least-squares tted slope.
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Figure 2. Time Series of Correlations between Alpha and Factor Loadings

Notes: This gure shows the time series of cross-sectional correlations between estimated alphas
and factor loadings for each priced factor in the six-factor model (14) smoothed using a twelve-
month moving average. The asset pricing model parameters in each month are computed using
ve-year rolling estimation windows. Included assets are restricted to those with 60 consecutive
months of returns, market capitalization above the cross-sectional median, excluding assets with
estimated factor loadings in the extreme 1% tails of the distribution.

RMW and, to a lesser extent, CMA show persistently negative relationships, whereas the
correlations for Market, SMB, and HML alternate between positive and negative regimes
over time.

These empirical patterns align closely with the theoretical implication that marginal
betas inherit only partial projections of the leverage wedge. As a result, their associated
{ relationships are inherently unstable and may exhibit sign reversals, in contrast to the

consolidated Sharpe-weighted direction where the mispricing distortion is concentrated.
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Figure 3: Time Series of Normalized Weights in Maximum Sharpe Ratio Portfolio of Factors

Notes: This gure plots the time series of normalized Sharpe-ratio{maximizing weights for the
six factors, estimated from ve-year rolling windows of factor returns. Weights are scaled to have
unit norm and smoothed using a twelve-month moving average.

5.2 Consolidated Factor Exposure and the Sharpe-Ratio Direction

Proposition 2 implies that the cross-sectional covariance between and a linear combina-
tion of factor loadings is most negative when those loadings are weighted in proportion to
the Sharpe-ratio{maximizing portfolio of factors. We compute these weights using sample
moments from trailing ve-year windows of factor returns and normalize them to have unit
Euclidean norm.

Figure 3 plots the resulting normalized Sharpe-ratio weights through time. The series
uctuate substantially and are not uniformly positive, re ecting evolving factor premia and
covariances. As reported in Table 2, each factor's Sharpe weight is negatively correlated with
the time series of the { correlation for that factor, suggesting that when a factor becomes
more dominant in the e cient portfolio, its own { relationship tends to atten.

Given these negative associations, one would expect the correlation between and the
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